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Abstract

A rep-octahedron of order k is a polyamond that serves
as a net for a regular octahedron and can be divided
into k polyamonds, each of which can be folded into
a regular octahedron Here, a polyamond is a polygon
composed of multiple unit-sized regular triangles joined
edge-to-edge. The rep-octahedron extends the concept
of the rep-cube, originally devised for cubes by Abel et
al. in 2017, to octahedra. The regular octahedron and
the cube share a dual relationship, each possessing 11
types of nets along edges. In this paper, we investi-
gate whether the properties already known for the rep-
cube also apply to the rep-octahedron, clarifying the
similarities and differences, also using computational
experiments.

1 Backgrounds

In 1962, Solomon W. Golomb introduced an intriguing
object known as a rep-tile within the context of recre-
ational mathematics. A polygon is considered a rep-tile
if it can be divided into several smaller polygons, each
similar to itself. Inspired by this concept, Abel et al.
proposed the idea of a rep-cube in [1]. A polyomino,
i.e., a polygon P formed by adjoining multiple squares
edge to edge, qualifies as a rep-cube of order k if P
serves as a net of a cube, and P can be divided into k
nets of a cube (Figure 1). When all k nets are of the
same area, the rep-cube is called regular ; if they are
congruent, it is termed uniform.

Research on rep-cubes has been conducted from var-
ious perspectives. In [1], [3], and [2], one can see exam-
ples of uniform or regular rep-cubes for specific values
of k. Moreover, [1] and [3] have respectively demon-
strated that regular and uniform rep-cubes can be con-
structed for any k that satisfies certain properties, and
such k values are infinite in number. Furthermore, [2]
proves that for a regular rep-cube of order k to exist,
k must satisfy k = a2 + b2 for some integers a, b. In
addition, [2] and [4] provide a comprehensive clarifi-

Figure 1: The example
of rep-cube presented in
[2]

Figure 2: The example of
uniform rep-octahedron,
which we found

cation on the existence and non-existence of uniform
rep-cubes based on each of the 11 types of cube nets
along edges for small values of k, and specifically de-
termine the smallest k for which a uniform rep-cube of
order k exists for each type (Table 1).

k = 2 × ◦ ◦ × × × ◦ × × ◦ ×
k = 4 ◦ ◦ ◦ ◦ × ◦ × × ◦ ◦ ◦
k = 5 ◦ ◦ ◦ ◦ × ◦ × × ◦ × ◦
k = 8 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Table 1: Whether a uniform rep-cube of order 8 or less
exists for each net along edges

2 Results

In this paper, we generalize the concept of a rep-cube
to the regular octahedron, the dual of a cube, and in-
vestigate whether properties applicable to rep-cubes
similarly apply to rep-octahedrons. We define a rep-
octahedron of order k as a polyamond that serves as a
net of a regular octahedron and can be divided into k
polyamonds, each of which can be folded into a regular
octahedron (Figure 2). It is known that dual polyhe-

1

Cube

[1] Zachary Abel, Brad Ballinger, Erik D. Demaine, Martin L. Demaine, Jeff Erickson, Adam 
Hesterberg, Hiro Ito, Irina, Kostitsyna, Jayson Lynch, and Ryuhei Uehara. Unfolding and dissection 
of multiple cubes, tetrahedra, and doubly covered squares. J. Inf. Process., 25:610–615, 2017.
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- As a condition the existence of a regular rep-cube with degree ￼ , 
- shown that ￼  is necessary . 
- shown that ￼  is sufficient. 

- For each 11 edge nets, 
- determined whether a uniform rep-cube exists within degrees ￼ . 
- shown that a uniform rep-cube exists for some degree ￼ .

k
∃a, b ∈ ℤ, [k = a2 + b2 + 2ab]
∃a ∈ ℤ, [k = 18a2]

k ≤ 8
k

- As a condition for the existence of a regular rep-oct. with degree ￼ , 
- shown that ￼  is necessary. 
- shown that ￼  is sufficient. 

- For each 11 edge nets, 
- determined whether a uniform rep-oct. exists within degrees ￼ . 
- shown that sometimes no uniform rep-oct. exists for any degree ￼ .

k
∃a, b ∈ ℤ, [k = a2 + b2 + ab]
∃a ∈ ℤ, [k = 64a2]

k ≤ 9
k

Results

[Our Results for Rep-oct.]

[(a part of ) Known Results for Rep-cube]
[Abel et al., 2017] [Xu et al., 2018] 
[Xiaoting, 2021] [Okada et al., 2022]
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[Proof]  
- Let ￼  be a regular rep-oct. of degree ￼ . 
- Let ￼  be the folded octahedron from ￼ . 

- The length of edges of ￼  is ￼ . 
- Two vertices ￼  and ￼  must be points of a triangular lattice. 
- Let ￼  the coordinate differences between ￼  and ￼  . 

- It means that ￼  holds. 
 ￼  ￼

P k
Q P

Q k
v v′￼

(a, b) v v′￼

( k)2 = a2 + b2 + ab cos(120∘)
⇒ k = a2 + b2 + ab

Results 1

 ￼  is necessary to exist a 
regular rep-oct. with degree ￼ .
∃a, b ∈ ℤ, [k = a2 + b2 + ab]

k

Theorem
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Results 2

 A regular rep-oct. of degree ￼  exists for any 
positive integer ￼ .

k = 64a2
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- shown that ￼  is necessary. 
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- determined whether a uniform rep-oct. exists within degrees ￼ . 
- shown that sometimes no uniform rep-oct. exists for any degree ￼ .
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Results 3

 For each edge net of the regular oct., within degree 
￼ , whether a uniform rep-oct. exists is shown in the 
following.
k ≤ 9

Theorem

dra share the same number of nets along edges; thus,
the regular octahedron, like the cube, has 11 nets along
edges. As a result, we clarified that while rep-cubes and
rep-octahedrons share some common properties, they
also possess distinct characteristics in several aspects.

2.1 Similarities with a Rep-cube

As mentioned above, [2] demonstrates that a necessary
condition for the existence of a regular rep-cube of or-
der k is that k = a2 + b2 for some integers a, b. This
condition arises because the ratio of the edges of the
polyomino to the cube must correspond to lengths that
appear as distances between lattice points in a square
lattice. Generalizing this to a triangular lattice leads
to the following theorem:

Theorem 1 A necessary condition for the existence of
a regular rep-octahedron of degree k is that k = i2 +
j2 + i · j for some integers i, j.

Furthermore, [1] and [3] have demonstrated that by
combining nets along edges of different (or the same)
types of cubes, it is possible to create “roughly square”
units and recursively construct higher order rep-cubes
by replacing the unit squares of a single rep-cube with
these units. This technique can also be applied to rep-
octahedrons. The example shown in Figure 3 combines
nets along edges from various types to form shapes
closely resembling two regular triangles. Based on this
construction, we can state the following theorem re-
garding rep-octahedrons:

Theorem 2 A regular rep-octahedron of degree k =
64 · i2 exists for any positive integer i.

Figure 3: The diamond-
shaped unit used in the
proof of Theorem 2

Figure 4: Example of a
regular but non-uniform
rep-octahedron of order 7

2.2 Differences from a Rep-cube

Following Table 1, we analyzed the uniform rep-
octahedrons based on the 11 types of nets along edges
of the regular octahedron for smaller degrees. In this
study, we utilized integer programming to model the
problem and conducted computational experiments to

determine the existence of solutions. SCIP version
8.0.3 on a laptop was employed to solve the integer
programming problem.

Theorem 3 For each net along edges of the regular
octahedron, whether a uniform rep-octahedron of degree
k or lower exists is as shown in Table 2.

k = 3 × ◦ ◦ × ◦ × × ◦ ◦ × ◦
k = 4 ◦ ◦ ◦ ◦ × × ◦ ◦ ◦ ◦ ◦
k = 7 × × × × × × × × × × ×
k = 9 ◦ ◦ × × × × × × × × ◦

Table 2: Whether a uniform rep-octahedron of order 9
or less exists for each net along edges

These results indicate that for k = 7, there does not
exist a uniform rep-octahedron based on the nets along
edges, demonstrating that the conditions of Theorem 1
are not sufficient for the existence of a uniform one. In
the case of rep-cubes, within the confirmed range, a
uniform rep-octahedron exists for each k that satisfies
the sufficient condition (k = a2 + b2 for some integers
a, b), highlighting the differences between the two poly-
hedra. Here, in the case of regular rather than uniform
rep-octahedrons, as shown in Figure 4, there exists a
net of order k = 7 for the regular rep-octahedron.

For one particular net along edges , there does not
exist a uniform rep-octahedron for k ≤ 9. We prove
the non-existence of such a uniform rep-octahedron for
any arbitrary k.

Theorem 4 There exists a net along edges, P such
that no uniform rep-octahedron is based on P .

This result indicates that the fact shown in Table 1
for rep-cubes, stating that a uniform rep-octahedron
exists for all nets along edges within the finite range of
k, does not hold true for the regular octahedron.
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Abstract

A rep-octahedron of order k is a polyamond that serves
as a net for a regular octahedron and can be divided
into k polyamonds, each of which can be folded into
a regular octahedron Here, a polyamond is a polygon
composed of multiple unit-sized regular triangles joined
edge-to-edge. The rep-octahedron extends the concept
of the rep-cube, originally devised for cubes by Abel et
al. in 2017, to octahedra. The regular octahedron and
the cube share a dual relationship, each possessing 11
types of nets along edges. In this paper, we investi-
gate whether the properties already known for the rep-
cube also apply to the rep-octahedron, clarifying the
similarities and differences, also using computational
experiments.

1 Backgrounds

In 1962, Solomon W. Golomb introduced an intriguing
object known as a rep-tile within the context of recre-
ational mathematics. A polygon is considered a rep-tile
if it can be divided into several smaller polygons, each
similar to itself. Inspired by this concept, Abel et al.
proposed the idea of a rep-cube in [1]. A polyomino,
i.e., a polygon P formed by adjoining multiple squares
edge to edge, qualifies as a rep-cube of order k if P
serves as a net of a cube, and P can be divided into k
nets of a cube (Figure 1). When all k nets are of the
same area, the rep-cube is called regular ; if they are
congruent, it is termed uniform.

Research on rep-cubes has been conducted from var-
ious perspectives. In [1], [3], and [2], one can see exam-
ples of uniform or regular rep-cubes for specific values
of k. Moreover, [1] and [3] have respectively demon-
strated that regular and uniform rep-cubes can be con-
structed for any k that satisfies certain properties, and
such k values are infinite in number. Furthermore, [2]
proves that for a regular rep-cube of order k to exist,
k must satisfy k = a2 + b2 for some integers a, b. In
addition, [2] and [4] provide a comprehensive clarifi-

Figure 1: The example
of rep-cube presented in
[2]

Figure 2: The example of
uniform rep-octahedron,
which we found

cation on the existence and non-existence of uniform
rep-cubes based on each of the 11 types of cube nets
along edges for small values of k, and specifically de-
termine the smallest k for which a uniform rep-cube of
order k exists for each type (Table 1).

k = 2 × ◦ ◦ × × × ◦ × × ◦ ×
k = 4 ◦ ◦ ◦ ◦ × ◦ × × ◦ ◦ ◦
k = 5 ◦ ◦ ◦ ◦ × ◦ × × ◦ × ◦
k = 8 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Table 1: Whether a uniform rep-cube of order 8 or less
exists for each net along edges

2 Results

In this paper, we generalize the concept of a rep-cube
to the regular octahedron, the dual of a cube, and in-
vestigate whether properties applicable to rep-cubes
similarly apply to rep-octahedrons. We define a rep-
octahedron of order k as a polyamond that serves as a
net of a regular octahedron and can be divided into k
polyamonds, each of which can be folded into a regular
octahedron (Figure 2). It is known that dual polyhe-
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dra share the same number of nets along edges; thus,
the regular octahedron, like the cube, has 11 nets along
edges. As a result, we clarified that while rep-cubes and
rep-octahedrons share some common properties, they
also possess distinct characteristics in several aspects.
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As mentioned above, [2] demonstrates that a necessary
condition for the existence of a regular rep-cube of or-
der k is that k = a2 + b2 for some integers a, b. This
condition arises because the ratio of the edges of the
polyomino to the cube must correspond to lengths that
appear as distances between lattice points in a square
lattice. Generalizing this to a triangular lattice leads
to the following theorem:

Theorem 1 A necessary condition for the existence of
a regular rep-octahedron of degree k is that k = i2 +
j2 + i · j for some integers i, j.

Furthermore, [1] and [3] have demonstrated that by
combining nets along edges of different (or the same)
types of cubes, it is possible to create “roughly square”
units and recursively construct higher order rep-cubes
by replacing the unit squares of a single rep-cube with
these units. This technique can also be applied to rep-
octahedrons. The example shown in Figure 3 combines
nets along edges from various types to form shapes
closely resembling two regular triangles. Based on this
construction, we can state the following theorem re-
garding rep-octahedrons:

Theorem 2 A regular rep-octahedron of degree k =
64 · i2 exists for any positive integer i.

Figure 3: The diamond-
shaped unit used in the
proof of Theorem 2

Figure 4: Example of a
regular but non-uniform
rep-octahedron of order 7

2.2 Differences from a Rep-cube

Following Table 1, we analyzed the uniform rep-
octahedrons based on the 11 types of nets along edges
of the regular octahedron for smaller degrees. In this
study, we utilized integer programming to model the
problem and conducted computational experiments to

determine the existence of solutions. SCIP version
8.0.3 on a laptop was employed to solve the integer
programming problem.

Theorem 3 For each net along edges of the regular
octahedron, whether a uniform rep-octahedron of degree
k or lower exists is as shown in Table 2.

k = 3 × ◦ ◦ × ◦ × × ◦ ◦ × ◦
k = 4 ◦ ◦ ◦ ◦ × × ◦ ◦ ◦ ◦ ◦
k = 7 × × × × × × × × × × ×
k = 9 ◦ ◦ × × × × × × × × ◦

Table 2: Whether a uniform rep-octahedron of order 9
or less exists for each net along edges

These results indicate that for k = 7, there does not
exist a uniform rep-octahedron based on the nets along
edges, demonstrating that the conditions of Theorem 1
are not sufficient for the existence of a uniform one. In
the case of rep-cubes, within the confirmed range, a
uniform rep-octahedron exists for each k that satisfies
the sufficient condition (k = a2 + b2 for some integers
a, b), highlighting the differences between the two poly-
hedra. Here, in the case of regular rather than uniform
rep-octahedrons, as shown in Figure 4, there exists a
net of order k = 7 for the regular rep-octahedron.

For one particular net along edges , there does not
exist a uniform rep-octahedron for k ≤ 9. We prove
the non-existence of such a uniform rep-octahedron for
any arbitrary k.

Theorem 4 There exists a net along edges, P such
that no uniform rep-octahedron is based on P .

This result indicates that the fact shown in Table 1
for rep-cubes, stating that a uniform rep-octahedron
exists for all nets along edges within the finite range of
k, does not hold true for the regular octahedron.
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of the regular octahedron for smaller degrees. In this
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determine the existence of solutions. SCIP version
8.0.3 on a laptop was employed to solve the integer
programming problem.
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These results indicate that for k = 7, there does not
exist a uniform rep-octahedron based on the nets along
edges, demonstrating that the conditions of Theorem 1
are not sufficient for the existence of a uniform one. In
the case of rep-cubes, within the confirmed range, a
uniform rep-octahedron exists for each k that satisfies
the sufficient condition (k = a2 + b2 for some integers
a, b), highlighting the differences between the two poly-
hedra. Here, in the case of regular rather than uniform
rep-octahedrons, as shown in Figure 4, there exists a
net of order k = 7 for the regular rep-octahedron.

For one particular net along edges , there does not
exist a uniform rep-octahedron for k ≤ 9. We prove
the non-existence of such a uniform rep-octahedron for
any arbitrary k.
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that no uniform rep-octahedron is based on P .

This result indicates that the fact shown in Table 1
for rep-cubes, stating that a uniform rep-octahedron
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such k values are infinite in number. Furthermore, [2]
proves that for a regular rep-cube of order k to exist,
k must satisfy k = a2 + b2 for some integers a, b. In
addition, [2] and [4] provide a comprehensive clarifi-

Figure 1: The example
of rep-cube presented in
[2]

Figure 2: The example of
uniform rep-octahedron,
which we found

cation on the existence and non-existence of uniform
rep-cubes based on each of the 11 types of cube nets
along edges for small values of k, and specifically de-
termine the smallest k for which a uniform rep-cube of
order k exists for each type (Table 1).

k = 2 × ◦ ◦ × × × ◦ × × ◦ ×
k = 4 ◦ ◦ ◦ ◦ × ◦ × × ◦ ◦ ◦
k = 5 ◦ ◦ ◦ ◦ × ◦ × × ◦ × ◦
k = 8 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Table 1: Whether a uniform rep-cube of order 8 or less
exists for each net along edges

2 Results

In this paper, we generalize the concept of a rep-cube
to the regular octahedron, the dual of a cube, and in-
vestigate whether properties applicable to rep-cubes
similarly apply to rep-octahedrons. We define a rep-
octahedron of order k as a polyamond that serves as a
net of a regular octahedron and can be divided into k
polyamonds, each of which can be folded into a regular
octahedron (Figure 2). It is known that dual polyhe-

1

by [Xiaoting, 2021] 
and   

[Okada et al., 2022]
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[Strategy of Proof] 
- Assume that there exists uniform rep-oct. ￼ . 
- Classify ways of placing​        as types ￼ , ￼ , ￼ . 
- Assume that ￼  consists of single type. 

- Show we can modify ￼  s.t. it contains multiple types. 
- Show that, if ￼  contains multiple types, then it contradict. 

- If so, ￼  must contain one of the patterns ￼ .  
-     must be filled by another piece. 
- but it generate an overlap or new     . 
- It is a contradiction.
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P
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P
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- As a condition the existence of a regular rep-cube with degree ￼ , 
- shown that ￼  is necessary . 
- shown that ￼  is sufficient. 

- For each 11 edge nets, 
- determined whether a uniform rep-cube exists within degrees ￼ . 
- shown that a uniform rep-cube exists for some degree ￼ .

k
∃a, b ∈ ℤ, [k = a2 + b2 + 2ab]
∃a ∈ ℤ, [k = 18a2]

k ≤ 8
k

- As a condition for the existence of a regular rep-oct. with degree ￼ , 
- shown that ￼  is necessary. 
- shown that ￼  is sufficient. 

- For each 11 edge nets, 
- determined whether a uniform rep-oct. exists within degrees ￼ . 
- shown that sometimes no uniform rep-oct. exists for any degree ￼ .

k
∃a, b ∈ ℤ, [k = a2 + b2 + ab]
∃a ∈ ℤ, [k = 64a2]

k ≤ 9
k

Results

[Our Results for Rep-oct.]

[(a part of ) Known Results for Rep-cube]
[Abel et al., 2017] [Xu et al., 2018] 
[Xiaoting, 2021] [Okada et al., 2022]


